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a b s t r a c t
Our knowledge of linear series on real algebraic curves is still very incomplete. In this paper
we restrict to pencils (complete linear series of dimension one). Let X denote a real curve
of genus g with real points and let k(R) be the smallest degree of a pencil on X (the real
gonality of X). Then we can find on X a base point free pencil of degree g + 1 (resp. g if X
is not hyperelliptic, i.e. if k(R) > 2) with an assigned geometric behaviour w.r.t. the real
components of X , and if g = 2n − 2 (n ≥ 1) we prove that k(R) ≤ g2 + 1 which is the
same bound as for the gonality of a complex curve of even genus g . Furthermore, if the
complexification of X is a k-gonal curve (k ≥ 2) one knows that k ≤ k(R) ≤ 2k − 2, and
we show that for any two integers k ≥ 2 and 0 ≤ n ≤ k− 2 there is a real curve with real
points and k-gonal complexification such that its real gonality is k+ n.
© 2009 Elsevier B.V. All rights reserved.
0. Introduction
By the well-known existence theorem for divisors on a complex curve (i.e. a smooth and irreducible projective curve
defined over C) such a curve of genus g always has a linear series g rd (r ≥ −1, g − d+ r ≥ 0) if the Brill–Noether number
ρg(d, r) := g−(r+1)(g−d+r) is non-negative. For a real curve X of genus g , i.e. for a smooth and geometrically irreducible
projective curve defined over R and of (algebraic) genus g , no such result is known. Note that the complex result for r = 1
(pencils) says that [ g+32 ] (Meis’ bound, since Meis [1] gave the first rigorous proof of it) is a – in fact, the best – universal
bound from above for the gonality gon(Y ) of complex curves Y of genus g , i.e. for the smallest degree of a morphism from Y
ontoP1 (the rational complex curve). Let XC be the complexification of the real curve X (obtained by base extension fromR or
C) and gonR(X), the real gonality of the real curve X , be the smallest degree of a morphism from X onto P1R := Proj R[x0, x1]
(the rational real curve) defined over R [2,3]. Clearly, then, gon(XC) ≤ gonR(X), and it is known ([4], part 3; [2]) that there
are real curves X violating Meis’ bound (i.e. gonR(X) > [ g+32 ]). Our knowledge about the real gonality is still poor, and this
paper is an attempt to shed some light on this subject.
Assume that X has real points. The Riemann–Roch theorem for X implies then that gonR(X) ≤ g if g ≤ 2g−2, i.e. g ≥ 2.
In two interesting papers [3,5] Ballico states the bounds gonR(X) ≤ [ g+32 ] + 3 (which is near Meis’ bound for gon(XC)) and
gonR(X) ≤ 2gon(XC)−2. In sharp contrast, Monnier [6, 5.3] conjectures that for every g ≥ 2 there is a real curve X of genus
g (with real points) such that gonR(X) = g (i.e. g is the best universal bound for the real gonality of curves with real points).
For g ≥ 10 Monnier’s conjecture clearly conflicts with Ballico’s first bound. Unfortunately, however, in our eyes Ballico’s
proof of his first bound might be incomplete.
After some preliminaries on linear series on real curves (Section 1) we will, in Section 3, reject Monnier’s conjecture for
infinitely many g . However, (in our eyes) it still remains open if gonR(X) < g for all X of sufficiently large genus g . We will
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not discuss this question here. Instead, in Section 2, we turn to the existence of a morphism X → P1R (defined over R) of
degree g + 1 resp. g , and we ask for specific geometric properties for it w.r.t. the real components of X . (cf. Proposition 1
and Theorems 1A and 1B for details.) Finally, in Section 4 we will show, related with Ballico’s second bound for gonR(X),
that for any two integers k ≥ 2 and 0 ≤ n ≤ k − 2, there is a real curve X with real points such that gon(XC) = k and
gonR(X) = k+ n.
Remark. In [5] (but not in [3]) Ballico uses a notion of real gonality which differs from ours for real curves without real
points (it may be larger then). Mostly, however, we will work with real curves having real points. 
Basic terminology: By base extension from R to Cwe obtain the complexification XC of the real curve X; it is endowed with
an anti-analytic involution σ induced by the complex conjugation − of C. Viewing XC as a compact Riemann surface with
‘‘symmetry’’σ (classically, (XC, σ ) is called a symmetric Riemann surface) the real curveX can be identifiedwith the quotient
space XC/σ , a compact Klein surface, i.e. a compact real surface whichmay be bordered and/or non-orientable; its boundary
is the set of real points of X , i.e. of points of degree 1 overR (they correspond to the σ -invariant points of XC). This set which
we denote by XC(R) or simply X(R) splits into a finite number s of boundary components each homeomorphic to a circle
S1 (under the Euclidean topology). By Harnack’s theorem, s ≤ g + 1. (For more related details, cf. [7].) The non-real points
P of X are of degree 2 over R thus splitting – by abuse of notation – into two conjugate points P and σP in XC, i.e. P on X
corresponds to P + σP = (1+ σ)P on XC. If F = R(x, y) is the function field of X/R (whose complexification FC = C(x, y)
is that of XC) the points of X correspond to the prime divisors (places) of F/R.
1. Preliminaries
Recall that (XC, σ ) denotes the complexification of the real curve X of genus g .
1.1. Varieties of (complete) linear series on (XC, σ )
The group Div(XC) of divisors of XC is in a natural way (σ
∑
PeXC nPP =
∑
P∈XC nPσP) a σ -module, and so is its subgroup
H(XC) ∼= F×C /C× of principal divisors of XC (by σ(f ) = (σ f ) for (f ) ∈ H(XC) (f ∈ F×C ); note that σ operates on FC
such that σ f associates to σP (P ∈ XC) the conjugate complex number f (P) of f (P)). For a complete linear series |D| on
XC (D ∈ Div(XC))weclearly haveσ |D| = |σD|, and so the setW rd = W rd (XC) = {|D| | D ∈ Div(XC) : degD = d, dim |D| ≥ r}
satisfies σW rd = W rd , i.e. is defined over R. Also the sumW rd +W se = {|D+ E| : |D| ∈ W rd , |E| ∈ W se } is defined over R.
It is natural to interpretW rd as a subvariety of the Jacobi-variety Jac(XC) of XC, via the classical Abel–Jacobi map: Since
we can choose a basis ω1, . . . , ωg of real holomorphic differentials of XC (i.e. σωj = ωj) we have σ
∫
A ωj =
∫
σA ωj for a path
A on XC (here σA denotes the conjugate path to A on XC), and so we see that the period latticeΩ of XC is a σ -module. The
Abel–Jacobi map ι : XC → Jac(XC) = Cg/Ω is defined with respect to a reference point P0 ∈ XC by
ι(P) =
(∫ P
P0
ωj
)
j=1,...,g
+Ω (P ∈ XC).
We have σ ι(P) = (∫ σP
σP0
ωj)j=1,...,g + Ω = ι(σP) − ι(σP0) (and, by linearity, σ ι(D) = ι(σD) − −d · ι(σP0) for |D| ∈ W rd )
whence ι is σ -compatible if and only if P0 ∈ X(R). So, if we identify W rd and ι(W rd ) ⊆ Jac XC it can be achieved that the
operation of σ onW rd is given by the complex conjugation on Jac(XC) unless X(R) = φ.
1.2. Linear series on X
A divisor on the real curve X is a finite formal sum D = ∑P∈X nPP of points P of X; its degree is degD = ∑Preal nP +
2
∑
Pnon-real nP . Let Div(X) resp H(X) ∼= F×/R× be the group of divisors of X resp. the subgroup of principal divisors of X .
There is a canonical injection (conorm-map) α : Div(X) ↪→ Div(XC) defined by assigning to a real point of X the unique
σ -invariant point of XC lying above it and to a non-real point of X the sum of the two conjugate points of XC lying above it;
then, forD ∈ Div(X), σα(D) = α(D), degα(D) = degD, andD, α(D) have the same dimension (i.e. h0(XC, α(D)) = h0(X,D)
since H0(XC, α(D)) has a basis of functions in F ). If, for a σ -moduleM , we denote byM1±σ resp. (1± σ)M the kernel resp.
image of the operators 1+ σ , 1− σ onM , we identify Div(X) via α with the group Div(XC)1−σ = {D ∈ Div(XC) | σD = D}
of real divisors of XC and H(X)with H(XC)1−σ .
A (complete1) linear series g rd on X is defined by a divisor E ∈ Div(X) of degree d and dimension h0(X, E) = r + 1 by
letting g rd = |E| = {D ∈ Div(X)|D effective and D ∼ E} (∼ denotes linear equivalence of divisors, here w.r.t. X). It is useful
to consider this linear series also on XC; then g rd = |E| := {D ∈ Div(XC)|D effective and D ∼ E} (i.e. g rd on XC contains a real
divisor ofXC), and taking only the real divisors ofXC in itwe get back our g rd on the real curveX . (Recall thatH(X) = H(XC)1−σ
1 In this paper linear series are complete if nothing different is explicitly mentioned.
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and note the slight abuse of notation.) We call a g rd on X when interpreted on XC a real linear series on XC. (For example, |KXC |
is a real linear series on XC.)
A g rd on the complex curveXC is calledσ -invariant ifσD ∼ D for some (hence every)D ∈ Div(XC) contained in it. Clearly, a
real linear series on XC is σ -invariant, and it is easy to see that an effective divisorD ∈ Div(XC) is contained in a real (resp. σ -
invariant) linear series of XC if and only if (1−σ)D is in (1−σ)H(XC) (resp. inH(XC)1+σ ). Clearly, (1−σ)H(XC) ⊆ H(XC)1+σ ,
and it is well known [8,9] that equality holds if and only if X(R) 6= φ (otherwise (H(XC)1+σ : (1 − σ)H(XC)) = 2). So we
have to distinguish between linear series on X and σ -invariant linear series on XC only in the case X(R) = φ.
Example 1. Let g1k be a base point free pencil on XC which is σ -invariant but not real. (So, in particular, X(R) = φ). Then this
pencil naturally gives rise to a k-sheeted covering of X over the non-rational real curve of genus 0 (the empty real conic).
In fact, since g1k (which, by the way, need not be complete) is σ -invariant but not real there is an effective divisor D of XC
such thatD and σD span the g1k . Writing σD = D+(f ) for some f ∈ F×C \C×we see that (1+σ)(f ) = 0 (i.e. (f ) ∈ H(XC)1+σ ).
Hence f · σ f = c for some constant c ∈ C× which must be real (since obviously σ c = c). Let f = x+ iywith x, y ∈ F . Then
x2 + y2 = c and C(f ) = C(σ f ) = C(x, y) with (FC : C(f )) = k since g1k is base point free. We have (F : R(x, y)) = k, and
R(x, y) is rational iff c > 0 (precisely then the smooth real conic x2 + y2 = c defining R(x, y) has real points); so c > 0
would imply that g1k is real. Hence c < 0 (wemay assume c = −1), andR(x, y) is the non-rational real field of genus 0. 
A linear series g rd on X(r ≥ 1) defines a rational map ϕ : XC → PrC which is σ -invariant (i.e. ϕ(σP) = ϕ(P) for any
P ∈ XC where ϕ is defined). Let X ′C be the (maybe, singular) image curve of ϕ in the complex projective space PrC and
X ′ = (X ′C mod conjugation) in PrR = (PrC mod conjugation) = Proj(R[x0, . . . , xr ]). Then X(R) is mapped by ϕ into
X ′(R) := X ′C ∩ PrC(R), the intersection of X ′C with the (in the classical sense) real projective space PrC(R) of dimension r ,
and ϕ induces a rational map from X onto X ′. Our g rd on X is called base point free if it is so when interpreted on XC, i.e. if
ϕ : XC → PrC is a morphism; note that this is so iff ϕ : X → PrR is everywhere defined.
The subsetW rd (R) ofW
r
d is made up by the σ -invariant (complete) linear series of XC of degree d and dimension at least
r; if X(R) 6= φ we can identify the points ofW rd (R) \ (W rd−1+W1)(R)with the (complete and) base point free g rd on the real
curve X . (Note thatW r+1d ⊆ W rd−1 +W1.)
In this paper we are interested in pencils g1d on X .
Example 2. Let X be a real curve of genus g with s ≥ 1 real components and g1d be a base point free pencil on X . Since
X(R) 6= φ the image curve X ′ of the morphism ϕ induced by the pencil is the rational real curve P1R. Assume that the fibre
of ϕ at every real point of X ′ consists entirely of real points of X (or, what is the same, that ϕ separates conjugate points of
XC : ϕ(σP) 6= ϕ(P) for any non-real point P ∈ XC); we call such a g1d (resp. ϕ) totally real. Then ϕ is a ramified covering of
bordered real surfaces (in the topological sense, cf. [7], part 3), and the induced covering X(R)→ X ′(R) ∼= S1 is unramified.
In particular, s ≤ d. Since X ′ = (P1C mod conjugation), a half-sphere with boundary, is an orientable real surface it follows
that also the Klein surface X must be orientable which implies s 6≡ g mod 2 (cf. [7], part. 2). Hence the assumed property
that every divisor of X in the g1d is entirely made up by real points puts severe restrictions on X . So we cannot expect to find
such a pencil on every real curve. More precisely, by a result of Ahlfors [10] there is a totally real pencil of degree g + 1 on X
if and only if the Klein surface X is orientable thus giving an interesting algebraic characterization of a topological property.

1.3. The number of pseudo-lines for a g rd on X
Assume that X(R) 6= φ. For D ∈ Div(X) and a real component C of X let D|C be the restriction of D to C (i.e. if
D =∑P∈X nPP then D|C =∑P∈C nPP). Since, for f ∈ F×, (f )|C has even degree [9, 4.1] the number δ(D) of real components
C of X for which deg(D|C ) is odd does not depend on the choice of D in its linear equivalence class. Hence for every linear
series g rd on X (r ≥ 0) we can define δ = δ(g rd) by δ(D) for some D ∈ g rd; we call this invariant δ of the g rd (apparently
introduced by Huisman [11]) the number of pseudo-lines for the g rd . Clearly, δ ≤ s, and it is easy to see that δ ≤ d and
δ ≡ d mod 2. Moreover, since δ(|KX |) = 0 [11, 2.1], for a special g rd on X (i.e. |KX − g rd | 6= φ) we have δ(g rd) = δ(|KX − g rd |)
whence δ ≤ 2g − 2− d.
2. Pencils of degree at least g on real curves of genus g
Clearly, complete pencils on a real curve of genus g have degree at most g + 1.
Proposition 1. Let X be a real curve of genus g with s ≥ 1 real components and δ ∈ Z such that 0 ≤ δ ≤ s and δ 6≡ g mod 2.
Fix δ real components C1, . . . , Cδ of X. Then there is a complete and base point free pencil of degree g+1 on X having exactly the δ
pseudo-lines C1, . . . , Cδ , and these pseudo-lines are just the real components of X dominating P1C(R) ∼= S1 under the associated
map.
Proof. Note that the conditions on δ are necessary for a (complete, hence non-special) g1g+1 on X , by Section 1.3. Choose δ
different real components C1, . . . , Cδ of X and on each of these Ci a general point Pi. Take Qj ∈ XC general (hence non-real)
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for 1 ≤ j ≤ g+1−δ2 and let
D = P1 + · · · + Pδ + (Q1 + σQ1)+ · · · +
(
Q g+1−δ
2
+ σQ g+1−δ
2
)
.
Then D is a real divisor of XC of degree g + 1, r := dim |D| ≥ 1, δ(|D|) = δ. (Note that δ = 0 or δ = g + 1 is possible in
which cases D contains no real point resp. only real points.)
In this way we obtain a family of real divisors of XC of (real) dimension g+1. It follows that dimR(W rg+1(R)) ≥ g+1− r .
If r > 1 (i.e. if D is special) we have dim(W rg+1) ≤ g + 1− 2r , by Martens’ dimension theorem [12, IV, (5.1)]; in particular,
then, g + 1 − r ≤ dimR(W rg+1(R)) ≤ g + 1 − 2r , a contradiction. Thus we have r = 1. Assume that |D| has base points.
Then (W 1g +W1)(R) ⊆ W 1g+1(R) has dimension g . ButW 1g = κ −Wg−2 (κ = ι(KXC)) has dimension g − 2 (resp. is empty
for g < 2) which implies dimR((W 1g +W1)(R)) ≤ dim(W 1g +W1) ≤ g − 1, a contradiction.
Finally, C1, . . . , Cδ (being pseudo-lines for our |D|) clearly dominate P1C(R) under the associated morphism XC → P1C of
degree g+1, and by construction of D these real components of X are the only ones dominating P1C(R) under this map. 
Remark. Precisely in the case δ = g + 1 the g1g+1 of Proposition 1 is totally real (Example 2), and then s = g + 1 (X is an
‘‘M-curve’’; for more details in this case, cf. [13]). 
Theorem 1A. Let X be a non-hyperelliptic real curve of genus g ≥ 2 with s ≥ 1 real components and δ ∈ Z such that
0 ≤ δ ≤ min(s, g − 2) and δ ≡ g mod 2. Fix δ real components C1, . . . , Cδ of X. Then there is a complete and base point
free pencil of degree g on X having exactly the pseudo-lines C1, . . . , Cδ , and precisely these δ pseudo-lines and at most one further
real component C of X dominate P1C(R) under the associated map. Furthermore, if such a C occurs then X (as a Klein surface) is
orientable and 2s− δ ≤ g, δ ≡ g 6≡ s mod 2 (so, in particular, δ < s < g).
Proof. Note that the restrictions on δ in the hypotheses of the theorem are necessary for a (complete, hence special) g1g on
X , by 1.3.
We proceed as in the proof of Proposition 1 by choosing Pi general on Ci, for i = 1, . . . , δ, and Qj general in XC for
j = 1, . . . , g−2−δ2 and setting
D := P1 + · · · + Pδ + (Q1 + σQ1)+ · · · + (Q g−2−δ
2
+ σQ g−2−δ
2
).
These effective real divisors D on XC constitute a set of real dimension g − 2, and so the dual series |KXC − D| ∈
(κ − Wg−2)(R) = κ − Wg−2(R) = W 1g (R) do so on Jac (XC). Since W 2g ⊆ W 1g−1 + W1 and dim(W 1g−1) ≤ g − 4, by
Martens’ dimension theorem (using the fact that XC is not hyperelliptic) we see that we can assume that |KXC − D| is a base
point free pencil on XC (real of degree g , and C1, . . . , Cδ are its pseudo-lines because deg((KXC − D)|C ) ≡ deg(D|C ) mod 2
for a real component C of X).
(i) Assume that |KXC−D| is not totally real. Then, by [7], Lemma 1, for infinitelymany non-real points Q ∈ XC there exists
an effective real divisor E on XC such that E +Q + σQ ∈
∣∣KXC − D∣∣. Hence D+Q + σQ is a special divisor on XC, and so, by
Riemann–Roch, dim |D+ Q + σQ | ≥ 1. By construction, the real divisors D+ Q + σQ form a set of real dimension at least
(g−2)+1 = g−1. Putting r := dim |D+Q +σQ | ≥ 1we therefore have dimR(W rg (R)) ≥ g−1− r . SinceW rg = κ−W r−1g−2
we obtain, by Martens’ dimension theorem, dimR(W rg (R)) ≤ dim(W rg ) = dim(W r−1g−2) ≤ (g − 2) − 2(r − 1) = g − 2r .
It follows that r = 1 and so (recalling that dimR(W rg (R)) ≥ g − 1 − r) dimR(W 1g (R)) ≥ g − 2. We have already noticed
before that dim(W 1g−1) ≤ g − 4. Hence we may assume that the series |D+ Q + σQ | is a base point free pencil on XC (real
of degree g). By construction, this pencil has just the pseudo-lines C1, . . . , Cδ , and these are just the real components of X
dominating P1C(R) under the associated map.
(ii)We are left with the case that |KXC−D| is totally real. Thenwe have 2s−δ ≤ deg(KXC−D) = g , and X is an orientable
Klein surface such that δ ≡ g 6≡ s mod 2; in particular, δ < s < g . In this case there is a real component C of X different
from C1, . . . , Cδ , infinitely many points P, P ′ ∈ C and an effective real divisor E on XC such that E + P + P ′ ∈ |KXC − D|. In
the same way as in (i) we conclude that |D+ P + P ′| is a base point free real pencil on XC. By construction, it has precisely
the pseudo-lines C1, . . . , Cδ , and there is at most one further real component of X (namely possibly C) dominating P1C(R)
under the associated morphism. 
Example 3. Let X ⊂ P2R be a smooth real plane quartic (g = 3) such that X is orientable and s = 2. Then X(R) consists of
two nested ovals in R2 [9, 7], and δ = 1 in the theorem. Assign C1 to be the inner oval of X . Then the divisor D in the proof
of the theorem is some point on C1, and |KXC − D| is a totally real pencil of degree g = 3. The pencil |D+ P + P ′| considered
in the proof of the theorem is |KXC − Q |where Q ∈ X(R) is the second point of intersection of C1 with the line (through D)
joining the points P, P ′ on the outer oval of X . Hence |D+ P+ P ′| is totally real again, and so both ovals of X dominate P1C(R)
under the map associated to |D+ P + P ′|.
If, however, we assign C1 to be the outer oval of X we can find a base point free real g13 on XC of the form |D+ Q + σQ |
(Q ∈ XC non-real) considered in the proof of the theorem; then only this single oval C1 dominates P1C(R). 
The background of Example 3 is the fact that the two real components of X are clearly distinguished by the canonical series
of X; since all pencils of degree g on X are special it therefore makes a difference which real components of X we assign.
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It is a natural question if, by a suitable choice of C1, . . . , Cδ , the occurrence of the extra component C in the assertion of
Theorem 1A can be avoided. If δ > 0 the answer is Yes:
Theorem 1B. Let X and δ be as in Theorem 1A. Assume that δ > 0 and fix δ − 1 real components C1, . . . , Cδ−1 of X. Then we
can find a real component C of X different from C1, . . . , Cδ−1 and a complete and base point free pencil of degree g on X for which
C1, . . . , Cδ−1 and C are both the pseudo-lines and the real components of X dominating P1C(R) under the associated morphism.
Proof. Choose a general point Pi on each of the assigned Ci, i = 1, . . . , δ − 1. For general points Qj in XC, j = 1, . . . , g−2−δ2 ,
we let
D′ := P1 + · · · + Pδ−1 + (Q1 + σQ1)+ · · · + (Q g−2−δ
2
+ σQ g−2−δ
2
);
this is an effective real divisor of degree g − 3 on XC. By Martens’ dimension theorem its dual |KXC − D′| is a base point
free real net g2g+1 on XC, and since for a general point P on a real component of X different from C1, . . . , Cδ−1 the pencil
|KXC − D′ − P| is base point free (cf. the proof of Theorem 1A) this net g2g+1 on XC is also simple, i.e. it induces a birational
morphism ϕ : XC → P2C onto the image curve ϕ(XC). In particular, for only finitely many real points P of XC the real pencil|KXC − D′ − P| on XC may have base points.
By construction, the degree of |KXC − D′| on any real component of X different from C1, . . . , Cδ−1 is even. Let Cδ be such
a real component. Assume first that there is a real divisor E in |KXC − D′| such that E ∩ Cδ 6= φ and Supp(E) 6⊂ X(R). Take
Pδ ∈ E ∩ Cδ and let D := D′+ Pδ . Then the pencil |KXC −D| is real but not totally real, and part (i) of the proof of Theorem 1A
proves the assertions of Theorem 1B (with C := Cδ). Next, assume that for all real divisors E in |KXC−D′| such that E∩Cδ 6= φ
we have Supp(E) ⊂ X(R). Take Pδ ∈ Cδ general and let D := D′ + Pδ . Then |KXC − D| is a totally real pencil, and from part
(ii) of the proof of Theorem 1A we know that δ < s. Hence there is a real component C of X different from C1, . . . , Cδ−1, Cδ .
Let E0 ∈ |KXC − D′| correspond to the tangent line of the plane curve ϕ(X) at the point ϕ(Pδ). Since E0 − Pδ is a real divisor
in the totally real pencil |KXC −D| there is a point P0 ∈ E0 ∩ C , by Example 2. Then |KXC −D′− P0| is a real pencil on XC with
C1, . . . , Cδ−1 and C as its pseudo-lines, and we may assume, by the generic choice of Pδ on Cδ , that this pencil is base point
free. By construction, Pδ is a real ramification point of the covering induced by |KXC − D′ − P0| and so, by Example 2, this
pencil of degree g cannot be totally real. Hence, by part (i) of the proof of Theorem 1A there is a base point free real pencil
|D′ + P0 + Q + σQ | (Q ∈ XC non-real) of degree g on XC having the asserted properties. 
3. Real curves satisfying Meis’ bound for the real gonality
Note that for a real curve X we can define its real gonality gonR(X), in the language of complete linear series on X , as the
minimal d for all (complete) g rd on X with r ≥ 1. Clearly, if X(R) 6= φ then gonR(X) is computed by a (base point free and
complete) pencil on X .
Example 4. Let X be defined (over R) by the affine equation x2n + y2n + 1 = 0 (n ≥ 1; Fermat curve without real points).
Since XC is a smooth plane curve of degree 2n it is well known thatW 12n−2 = φ andW 12n = {g22n}−W1+W1 where g22n is the
unique (complete) net of degree 2n on XC (defined by the equation). Since g22n is real and since XC cannot have real pencils
of odd degree 2n− 1 it follows that the real gonality of X is 2n and is computed by the net g22n but not by a (complete) pencil
on X . More precisely, a covering X → P1R of degree 2n is induced by an incomplete base point free pencil of degree 2n in the
real g22n. 
The aim of this section is to show that for infinitely many natural numbers g every real curve X of genus g with X(R) 6= φ
has real gonality at most [ g+32 ]. This implies that Monnier’s conjecture that g is the best universal bound for the real gonality
of real curves of genus g with real points is false.
To supply complete arguments on generization overRwe first construct a parameter space defined overR parametrizing
g rd on a moving real curve of genus g .
3.1
Let X be a real curve of genus g with X(R) 6= φ. We are going to use a family pi : C → S of smooth curves of genus g
defined over R such that:
S is smooth and quasi-projective,
there is a c ∈ S(R)with pi−1(c) ∼= X (over R), and the Kodaira–Spencer map Tc(S)→ H1(XC, TXC) is an isomorphism,
pi has a section S → C defined over R.
Such a family pi can be obtained as follows. Let h : = ⊆ H × P5g−6 → H be the universal Hilbert family of 3-canonically
embedded smooth projective curves of genus g in P5g−6. It has a smooth quasi-projective baseH and it is defined overR (the
Hilbert scheme is defined overZ, andwe take its base change overR). There exists c ′ ∈ H(R) corresponding to a 3-canonical
embedding ofXC. Let c ∈ h−1(c ′)(R) and L be a real hyperplane inP5g−6 containing c such that L∩h−1(c ′) is a reduced divisor.
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Let S ′ be an open subspace of = ∩ (H × L) defined over R, etale over H and containing c , and let pi ′ : C ′ := =×H S ′ → S ′ be
obtained by base change. The family pi ′ of smooth curves of genus g defined over R has a section defined over R since the
real curve X we started with has real points, and the Kodaira–Spencer map Tc(S ′)→ H1(XC, TXC) is surjective. Hence there
is a closed subspace S of S ′ defined over R and containing c such that Tc(S)→ H1(XC, TXC) is bijective. By base change we
obtain a family pi : C := C ′×S′ S → S satisfying our requirements.
It follows (cf. [14]) that there exist a relative Picard scheme Picd(pi), an induced map pid : Picd(pi) → S and a natural
closed subscheme W rd (pi) of Picd(pi) which parametrizes (complete) linear series of degree d and dimension at least r on
the fibres of pi . Using complex conjugation σ these schemes have real structures, and the map pid is σ -compatible. Since the
restriction of pid toW rd (pi) is proper it is also proper with respect to the Euclidean topology (Serre’s GAGA; cf. [15], 1.2); in
particular, the image of the Euclidean closed subsetW rd (pi)(R) in S(R) is Euclidean closed.
3.2
Now let g be even, and by n(g) we denote the number g!g
2 !· g+22 !
· As
(
g
g
2
)
= n(g) · g+22 and
(
g
g+2
2
)
= n(g) · g2 we have
n(g) =
(
g
g
2
)
−
(
g
g+2
2
)
∈ N. It is easy to see that n(g) is odd if g = 2n − 2 for some integer n ≥ 1 (and, by the way, also the
converse is true).
Theorem 2. The real gonality of every real curve X of genus g = 2n − 2 ≥ 0 with X(R) 6= φ is bounded by Meis’ bound,
i.e. gonR(X) ≤ [ g+32 ]. In particular, gonR(X) < g for n ≥ 3.
Proof. Let g be even and k := g2 + 1 (Meis’ bound). By Brill–Noether theory, then, for a general complex curve of genus g
its varietyW 1k is smooth and finite, and by a result of Castelnuovo it consists of precisely n(g) points [12, V]. The restriction
W 1k (pi) → S of pik toW 1k (pi) is surjective [16, (A.1)], and we want to show that this remains true for the σ -invariant parts
ofW 1k (pi) and S.
Let Sgen be the non-empty Zariski-open subset of Smade up by all c ∈ S for whichW 1k (pi−1(c)) has precisely n(g) smooth
points and let g = 2n − 2 (n ≥ 1). Since n(g) is odd, for c ∈ Sgen(R) the complexification pi−1(c)C of the real curve pi−1(c)
must have a σ -invariant g1k , i.e. c ∈ pik(W 1k (pi)(R)).
Let c ∈ (S \ Sgen)(R) = S(R) \ Sgen(R). From dim(S \ Sgen) < 3g − 3 we conclude that dimR((S \ Sgen)(R)) < 3g − 3.
Since S(R) is smooth at c of dimension 3g − 3, for each Euclidean neighbourhood U ′ of c in S(R)we have U ′ ∩ Sgen(R) 6= φ,
and so U ′ ∩ pik(W 1k (pi)(R)) 6= φ. Since pik(W 1k (pi)(R)) is Euclidean closed in S(R) it follows that c ∈ pik(W 1k (pi)(R)), again.
Thus pik(W 1k (pi)(R)) = S(R), and so we can find a σ -invariant linear series of degree k and dimension at least one on the
curve pi−1(c)C for any c ∈ S(R). In particular, the complexification of the real curve X we started with has such a series, and
since this curve has real points this series must be real. It follows that gonR(X) ≤ k. 
Remark. By [2], in the statement of Theorem 2 the number 2n−2 ≥ 0 for g can be replaced by the odd numbers 2n−1 > 0
or 5. In these cases we let Sgen be made up by all c ∈ S for whichW 1k (pi−1(c)) is smooth of dimension one, for k = g+32 . Then
it is due to Chaudhary thatW 1k (pi
−1(c))(R) 6= φ for c ∈ Sgen(R).
In fact, this part of our paper was inspired by Chaudhary’s paper [2]. 
4. Real and complex gonality of real curves
How far may the real and the complex gonality differ for a real curve?
Proposition 2. Let X be a real curve whose complexification XC is k-gonal.
(i) (Ballico [5]) If X(R) 6= φ and k ≥ 2 then gonR(X) ≤ 2k− 2.
(ii) If X(R) = φ then gonR(X) ≤ 2k.
Proof. σ operates on the set of g1k on XC. If there is a σ -invariant g
1
k (which is the case if XC has only one g
1
k ) this pencil is
real in the case X(R) 6= φ, and 2g1k is real in the case X(R) = φ (if D ∈ g1k so is σD; then the real divisor D+ σD is in 2g1k ). It
follows that gonR(X) = k if X(R) 6= φ and gonR(X) ≤ 2k if X(R) = φ. So we may assume that there are two different but
conjugate g1k on XC. Then their sum is real (since for D ∈ g1k the real divisor D + σD is in g1k + σg1k ) and of degree 2k and
dimension at least 3 [12, III, Ex. B-2]. Subtracting from it the sum of two conjugate non-real points of XC we obtain a real
series of degree 2k− 2 and dimension at least one on XC. So gonR(X) ≤ 2k− 2. 
Corollary. In Proposition 2 assume X(R) 6= φ and k < [ g+32 ] if g is the genus of X. Then gonR(X) < g. 
For our next result we need the following
Lemma. Let Y be a complex curve with an irreducible plane model ΓC ⊂ P2 = P2C of degree 2k−1 (k ≥ 3) having two ordinary
singular points s1, s2 of multiplicity k− 1 and one ordinary singular point s3 of multiplicity e with 1 ≤ e < k− 1 and no other
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singularity. (So Y has genus (k−1)2− 12 e(e−1) ≥ 12k(k+1)−2.) Let gi (i = 1, 2, 3) be the base point free pencil on Y induced
on ΓC by the pencil of lines on P2 through si (so gi has degree k for i = 1, 2 and degree 2k− 1− e > k for i = 3). If g = g1f is a
base point free pencil of degree f < deg(g3) = 2k− 1− e on Y then g = g1 or g = g2.
Proof. Choose k−2−[ e2 ] > 0 general lines L11, . . . , L1k−2−[ e2 ] though s1 and k−e−1+[
e
2 ] > 0 general lines L21, . . . , L2k−e−1+[ e2 ]
though s2. Let L1 resp. L2 be the line through s1, s3 resp. s2, s3. Then the plane curve(
L11 + · · · + L1k−2−[ e2 ]
)
+
(
L21 + · · · + L2k−e−1+[ e2 ]
)
+
[ e
2
]
L1 +
(
e− 1−
[ e
2
])
L2
is a canonical adjoint for ΓC. This implies that |(k − 2 − [ e2 ])g1 + (k − e − 1 + [ e2 ])g2| is a special linear series on Y . In
particular, for a general (closed) point P ∈ Y this point must be a fixed point of the linear series
h :=
∣∣∣(k− 2− [ e
2
])
g1 +
(
k− e− 1+
[ e
2
])
g2 + P
∣∣∣ .
For Q ∈ Y we denote by D1,Q (resp. D2,Q ,DQ ) the unique divisor in g1 (resp. in g2, g) containing Q . Let P ∈ Y be general, as
before, and let E1,P (resp. E2,P ) be the greatest common divisor D1,P ∩ DP (resp. D2,P ∩ DP ) of D1,P and DP (resp. of D2,P and
DP ). By construction, g1 and g2 are independent (i.e. the morphisms defined by them do not factor non-trivially through a
common curve). In particular, E1,P ∩ E2,P = P . It follows that, for Q ∈ E1,P − P (resp. Q ∈ E2,P − P), we have P 6∈ D2,Q (resp.
P 6∈ D1,Q ). Also, for Q ∈ DP − (E1,P + E2,P − P)we have P 6∈ D1,Q + D2,Q .
Now assume that g 6= g1 and g 6= g2.
First assume that Ei,P 6= DP for i = 1, 2. In particular, then, f = deg(g) > deg Ei,P for i = 1, 2. Let a+ 1 := deg(E1,P) ≥ 1
and b + 1 := deg(E2,P) ≥ 1. Since a + 1 and b + 1 divide f and are different from f we know that a, b are at most
f
2 − 1 ≤ k− 2− e2 . Hence we have
a ≤ k− e− 1+
[ e
2
]
and b ≤ k− 2−
[ e
2
]
.
Note that DP − (E1,P + E2,P − P) is an effective divisor of degree f − (a+ b+ 1) ≤ 2k− 3− a− b− e. Hence we can write
this divisor as a sum of points:
DP − (E1,P + E2,P − P) = Q1,1 + · · · + Q1,α + Q2,1 + · · · + Q2,β
with integers α, β such that 0 ≤ α ≤ k− e− 1+[ e2 ]− a and 0 ≤ β ≤ k− 2−[ e2 ]− b. Let D1 (resp. D2) be a general divisor
of g1 (resp. g2); then P 6∈ D1 + D2. The effective divisor
E :=
∑
Q∈E2,P−P
D1,Q +
β∑
i=1
D1,Q2,i +
(
k− 2−
[ e
2
]
− b− β
)
D1
+
∑
Q∈E1,P−P
D2,Q +
α∑
i=1
D2,Q1,i +
(
k− e− 1+
[ e
2
]
− a− α
)
D2
is contained in |(k− 2−[ e2 ])g1+ (k− e− 1+[ e2 ])g2|. By definition of E we have DP − P = (E2,P − P)+
∑α
i=1 Q1,i+ (E1,P −
P)+∑βi=1 Q2,i ≤ E but P 6∈ E. Hence we can write E = (DP − P)+ D′ for some effective divisor D′ of Y with P 6∈ D′, and so
DP + D′ = E + P ∈ h. We obtain that D′ + g ⊂ hwhich implies that P is not a base point of h. This is a contradiction.
Next, assume that E1,P = DP (the case E2,P = DP is similar). Then E2,P = P and g1 ⊆ | kf g|, and since g1 6= g we have
f ≤ k2 . It follows that k− e+ [ e2 ] − f > 0. Now, letting
E :=
(
k− 2−
[ e
2
])
D1 +
∑
Q∈E1,P−P
D2,Q +
(
k− e+
[ e
2
]
− f
)
D2
we obtain a contradiction as before. 
The lemma implies
Theorem 3. Let k, n be integers such that 0 ≤ n ≤ k − 2. There exists a real curve X with X(R) 6= φ such that gon(XC) = k
and gonR(X) = k+ n.
Proof. To apply the lemma we start with plane curves (effective divisors of P2) of fixed degree 2k − 1. Such curves form a
complete linear series of dimension N =
(
2k+1
2
)
− 1 = k(2k + 1) − 1 on P2 and are thus parametrized by the projective
space PN defined over R, with real coordinate functions Tp,q having value tp,q for the curve defined by the affine equation∑
p,q tp,qx
p
1x
q
2 = 0. The Taylor expansion of this curve at the affine point (0, i) = (0 : i : 1) (i =
√−1) is given by∑
p,q cp,qx
p
1(x2 − i)q with cp,q being a C-linear combination of the tp,q. The Taylor expansion of the curve at (0,−i) is then
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p,q cp,qx
p
1(x2+i)qwith cp,q obtained from cp,q by taking complex conjugates for the coefficients in theC-linear combination
for cp,q. Finally, the Taylor expansion at (1, 0) is of form
∑
p,q bp,q(x1 − 1)pxq2 with bp,q an R-linear combination of the tp,q.
Let P ⊂ PN be the complete linear series on P2 parametrizing plane curves of degree 2k−1 having a point of multiplicity
at least k − 1 at (0, i) and at the conjugate point (0,−i) and a point of multiplicity at least e at (1, 0), for a fixed integer e
such that 1 ≤ e ≤ k−1. Denoting by Re(cp,q) resp. Im(cp,q) the expression obtained by taking the real resp. imaginary parts
of the coefficients of the cp,q the parameter space P is defined by real equations
Re(cp,q) = Im(cp,q) = 0 for p+ q < k− 1,
bp,q = 0 for p+ q < e.
Claim. A general element of P corresponds to an irreducible plane curve of degree 2k − 1 with an ordinary singular point of
multiplicity k− 1 (resp. e) at both (0, i) and (0,−i) (resp. at (1, 0)) and no other singularities in P2.
In fact, it is well known that there exist irreducible plane curves of degree k having an ordinary singularity of multiplicity
e (1 ≤ e ≤ k − 1) at (1, 0) and no other singularity in P2. Adding k − 1 times the line through (0, i) and (0,−i) to it we
obtain a curve corresponding to an element in P. Likewise, taking k−1 times the line through (0, i) and (1, 0) (resp. through
(0,−i) and (1, 0)), k − 1 general lines through (0,−i) (resp. (0, i)) and one more general line in P2 we obtain two further
elements in P. Using these elements one can see that P has no fixed components and is not composite with a pencil. Its only
base points are (0, i), (0,−i) and (1, 0). From Bertini’s theorem [15, 4.21] it follows that a general element of P is irreducible
and smooth outside these three base points. For each of these three points one of the described three plane curves has an
ordinary singularity of the assignedmultiplicity at that point. Hence the general element of P has the assignedmultiplicities
at these points; this proves the claim.
Note that P(R) 6= φ: in fact, by adding k − 1 times the line connecting (0, i) and (1, 0), k − 1 times the conjugate line
connecting (0,−i) and (1, 0) and a further real line in P2 we obviously obtain a real plane curve which corresponds to an
element of P. Since P is smooth it follows that dimR P(R) = dim P.
Now, let P′ be the sublocus of P whose elements represent plane curves of degree 2k − 1 which do not satisfy the
properties stated for the general element of P. Then P′ is Zariski closed and dim P′ < dim P. Furthermore, P′ is invariant
under conjugation, i.e. it is defined over R. Clearly, then, dimR P′(R) ≤ dim P′ < dim P = dimR P(R). So there exists a real
plane curve Γ in P2 of degree 2k−1 being geometrically irreducible such that ΓC has an ordinary singularity of multiplicity
k − 1 at both (0, i) and (0,−i), an ordinary singular point of multiplicity e at (1, 0) and no further singularity in P2. Since
deg(ΓC) = 2k− 1 is odd the normalization Y of ΓC is the complexification of a real curve X with X(R) 6= φ.
Let e < k − 1. Then k ≥ 3, and we can apply the lemma to ΓC, Y , s1 = (0, i), s2 = (0,−i) (so g2 = σg1 there) and
s3 = (1, 0) (so g3 = σg3, i.e. g3 is real) to obtain the assertion of the theorem, for n = k− 1− e > 0.
To prove the theorem for n = 0 let e = k − 1. Then ΓC has the three ordinary singular points s1, s2, s3 of the same
multiplicity k − 1 as its only singularities; so the normalization Y of ΓC has genus g = 12k(k − 1). If Y has a smooth plane
model of degree d it is easy to see that d = k + 1 (this certainly occurs for k = 2); then gon(Y ) = k, and since s3 is real
we know that gonR(X) ≤ k which implies gonR(X) = gon(Y ) = k, as wanted. So we may assume that Y has no smooth
plane model. Since s1, s2, s3 cannot be collinear in P2 (otherwise 3(k − 1) ≤ degΓC = 2k − 1) the blow up of P2 in these
three points is a smooth del Pezzo surface S of degree 6 embedded into P6 by the linear series |H| of plane cubics through
s1, s2, s3, and since s1, s2, s3 are ordinary singularities we can identity Y with the proper transform of ΓC on S. If pi : S → P2
is the projection and L a line in P2 let ` resp. ei (i = 1, 2, 3) be the classes of pi−1(L) resp. pi−1(si). These four classes are
free generators of the Picard group of S with intersection numbers `2 = 1, ` · ej = 0, ei · ej = −δi,j for i, j = 1, 2, 3 and we
have H ∼ 3` −∑ ei and Y ∼ (2k − 1)` − (k − 1)∑ ei [17, V,4]. By a result of Knutsen [18, 5.1(a)] any pencil of degree
gon(Y ) on Y is cut on Y ⊂ S by a pencil |C | of conics on S (C2 = 0, C · H = 2). Making use of Schwarz’s inequality in
the same way as is done in [17], V, proof of 4.9 it is easy to see that C ∼ ` − ei for some i = 1, 2, 3, i.e. C is the proper
transform of a line in P2 through si for some i. It follows that the three base point free pencils of degree k on Y induced on
ΓC by the pencil of lines through s1, s2, s3, respectively, are the only pencils of degree gon(Y ) on Y . Since s3 is real we see
that gonR(X) = gon(Y ) = k. 
Note that Theorem 2 shows that we cannot fix the genus in the assertion of Theorem 3.
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